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Two-State Model for Outer Hair Cell Stiffness and Motility
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ABSTRACT With discovery of the protein prestin and the gathering evidence linking it to outer hair cell electromotility, the
working mechanism of outer hair cells is becoming clearer. Recent experiments have established the voltage-dependent
stiffness of outer hair cells and given an insight into the nature of variation of stiffness with respect to voltage. These and earlier
experiments are used to analyze and develop models of outer hair cell response. In this article, recent modeling efforts have
been reconciled and placed into a common mechanics-based framework. The constitutive models are analyzed with regard to
their capability to replicate experimental results. We extend the area motor model to include elastic constants dependent on
motor state. The modified model successfully captures stiffness variations of outer hair cells and capacitance changes with

respect to voltage.

INTRODUCTION

The discovery of the electromotile response of outer hair
cells (OHCs) by Brownell et al. (1985) has spawned research
into determining the precise nature in which the OHCs
participate in the hearing process. To this end, many studies
have been undertaken to quantify the transduction process,
experimental and theoretical. OHCs have been observed to
have voltage and stress-dependent capacitance (Ashmore,
1990; Santos-Sacchi, 1991; Iwasa, 1993; Kakehata and
Santos-Sacchi, 1995), voltage-dependent stiffness (He and
Dallos, 2000), and have shown voltage-dependent length
changes (Brownell et al., 1985; Ashmore, 1987; Santos-
Sacchi and Dilger, 1988).

In vitro experiments have established four important
characteristics of OHC behavior, which we recount here.
First, the capacitance varies like a bell-shaped function with
respect to changes in the transmembrane voltage (Ashmore,
1990; Santos-Sacchi, 1991). Turgor pressure (Kakehata
and Santos-Sacchi, 1995), temperature (Santos-Sacchi and
Huang, 1998), and chemicals (e.g., Shehata et al., 1991;
Santos-Sacchi et al., 2001b) are all found to shift the ca-
pacitance versus voltage curves along the voltage axis and
also influence the shape of the nonlinear capacitance-voltage
relation. Second, the length of OHC changes with trans-
membrane voltage change. The axial strain varies according
to a Boltzmann-type function with respect to voltage. The
OHC elongates when hyperpolarized and shortens when
depolarized (Brownell et al., 1985; Ashmore, 1987; Santos-
Sacchi and Dilger, 1988). A third characteristic that has been
recently brought to the fore is the voltage dependence of the
stiffness. Experiments indicate that the stiffness also varies
according to a Boltzmann-type function with respect to
voltage. He and Dallos (2000) have shown that electrically
evoked stiffness and length changes have very similar
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characteristics. A fourth and much less-studied characteristic
is the nonlinear dynamic behavior of the OHC. OHCs when
excited simultaneously by mechanical and electrical stimulus
show response at the sum and difference frequencies. How-
ever no measurable harmonics of the mechanical forcing
frequency are seen for simultaneous mechanical and elec-
trical stimulus or even for pure mechanical stimulus (He and
Dallos, 1999, 2000). This suggests that stiffness is dependent
more strongly on the transmembrane voltage rather than the
stresses in the membrane.

Unfortunately there is no single data set that shows all the
above-mentioned results from the same outer hair cell. In
vivo cochlear experimental results demonstrate that positive
current (from scala vestibuli to scala tympani) is consistent
with hyperpolarization with an attendant upward shift in the
best frequency at a given measurement location. A negative
current is consistent with depolarization accompanied by
a downward shift in best frequency (Parthasarathi et al.,
2003). These results indicate that OHC sensitivity to
electrical and mechanical resting conditions seen in vitro
are also important in vivo.

In this article we investigate the ability of mathematical
models of OHCs to predict experimentally observed be-
havior. In particular, we focus on models based on the
hypothesis that there exist motor proteins in the plasma
membrane that undergo conformational changes. A two-state
motor model is extended to include state-dependent elastic
moduli. The modified model shows the correct stiffness and
dynamic behavior. Effects of turgor pressure and tempera-
ture on capacitance are discussed.

ACTIVE TISSUE MODELS

It is now generally accepted that there is a motor molecule
located in the lateral membrane of the OHC that responds to
electrical and mechanical stimulation in a coupled fashion.
We consider an active tissue model related to Hill’s model
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(from muscle mechanics). The schematic for the unit cell is
given in Fig. 1, where ¢ is the ‘‘measurable’’ strain, ¢’ is the
elastic strain in the series connection, and { is the active strain.
Experimental data for stiffness versus voltage foran OHC (He
and Dallos, 2000) shows a large change in stiffness as voltage
is changed. To focus on the effect of the active element of the
OHC, we consider a simplifying approximation that Kpag =
0, which can be relaxed to account for a more general case.
With this assumption, the constitutive law for the individual
unit cell takes the form

F= Ksers/ = Kser(g - g) (1)
The active strain can be considered as a function of either
voltage, voltage and strain, a state variable (like the
probability function in a two-state model), or the strain rate
(especially for skeletal muscle). In addition, the elastic moduli
may also be functions of the voltage or the state variable.

In our characterization of OHC activity, we also de-
compose the charge transfer into an active and passive
component to account for the nonlinear charge observed in
experiments. From the high degree of correlation seen
between the electrical and mechanical behavior of OHC it
seems reasonable to assume that the two effects are coupled.
Hence the active charge is considered to have dependencies
similar to the active strain. These micromechanical laws can
then be homogenized into a macroscopic free-energy function
using this simple analogy as the building block for the laws.

Next, we categorize various possibilities for OHC
constitutive models as a prequel to a discussion of their
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FIGURE 1 Hill’s model for activity. For OHC mechanics, K., is taken as

zero (presently). The active displacement { may be a function of voltage or
a state variable. The key element of activity is the precise dependence of  on
the other field variables.
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ability to replicate experimental results. Define Law 1 to
represent a voltage-dependent active strain with linear
elasticity (e.g., Spector et al., 2001; Tolomeo and Steele,
1995). Subsumed in this law is linear piezoelectricity. Let
Law 2 include models that possess a voltage-dependent
stiffness modification to Law 1. This law is the generalization
of the notion put forth by He and Dallos (1999) for isolated
OHC:s. Denote as Law 3 those that represent a two-state motor
probability for activity plus linear elasticity (Iwasa and
Adachi, 1997) (the area motor model). A transmembrane
protein is assumed to possess two conformal states (a short or
a long state). The electromotility of the cells is a function of
the state probability, which couples the electrical and
mechanical field variables. This model is very attractive
because there are few ‘‘free’’ parameters. Further, the
hypothesis underlying this model is directly testable (the
parameters can be determined through a static test and verified
viaadynamic simulation for instance). Finally, we define Law
4 as a modified area motor model with a two-state motor
probability plus a probability-dependent nonlinear elastic
moduli; i.e., it is proposed here that the elastic constants
themselves also depend on the state of the motor. Next, the
ability of these various approaches to model the OHC
electromechanical behavior is explored via a specific model
problem that mimics those used in in vitro experiments.

MODEL PROBLEM AND THEORETICAL RESULTS

The model problem consists of a simplified model of the
patch-clamp or micropipette experiment as pictured in Fig. 2.
The shell (OHC) is assumed to be long compared to its
diameter. The applied loads are considered axisymmetric and
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FIGURE 2 OHC experiment, initially pressurized, stimulated by applied
voltage about the resting potential. Mechanical loading is achieved through
a micropipette (modeled as a linear spring) or an externally applied force.
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it is assumed that the principal axis of the material properties
coincides with the cylindrical coordinates. The equilibrium
relations for the OHC can then be written as:

TZ - dzgz + Céc +,}?z - % + Text7 (2)

T. = ce, +d.e +.fc =1p, 3)

where T, = o,,h, T. = oggh, 0., is the stress in the axial
direction, gy is the stress in the circumferential direction, r
is the shell radius, 4 is the shell thickness, p is the internal
fluid pressure, Ty, is the external load, and fz, fc are the
active forces in the axial and circumferential directions,
respectively.

In a manner similar to our decomposition of the strain
field, the charge, Q, is decomposed as

0=0'+0, )

where Q is the total charge across the membrane per unit
surface area, Q' is the charge across the membrane per unit
surface area due to the linear capacitance, and Q is the active
charge across the membrane per unit surface area.

These active elements are functions of only voltage in
constitutive Laws 1 and 2, so that if the voltage is fixed, then
the level of activity and stiffness is set. In Laws 3 and 4 the
electrical and mechanical behavior are coupled through the
probability function and we have

fz :sze7 ];c :fcpm Q:quea 5)
where P, is the probability that the motor is in the extended
state. The probability is given by the Boltzmann probability

density function

1
Fe = wn 7 ©
where AF(V, T,, T,) is the difference in Gibbs free energy
between the two states (long and short), and kg is the
Boltzmann constant times the temperature. For Law 3, f,, 1.,
and Q are functions of the material properties, density of
motor proteins, and the area change that occurs when the
motor flips state (in other words, these terms are constants).
For Law 4, f, and f; also depend on P..

After the initial turgor pressure is applied, the deformation
is assumed to be incompressible and the following constraint
&, t 2¢e. = €4 1s applied. Here €, is a constant computed
from the quasistatic problem for a given resting potential and
turgor pressure (see Appendix A). Using this constraint we
can solve Egs. 2 and 3 to yield

d. ¢ fc ~
K, =Teq+ [——= + 22—
céz ext <4 2> €vol 2 f27 (7)
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where K. =d, —c+ (d./4) is the nominal shell stiff-
ness. The whole-cell axial stiffness is given by
(2R /L)(0Tex/ O¢,), which can be obtained by differenti-
ating Eq. 7 with respect to &,.

From Eq. 7 we can see that for Law 1 the axial stiffness is
constant with changes in voltage. Law 2 can correctly predict
the stiffness behavior because of the voltage-dependent
stiffness, K.. However, neither Law 1 nor Law 2 can explain
shifting of capacitance versus transmembrane voltage curves
when the external load or turgor pressure is altered because
changing the mechanical operating point does not affect the
electrical operating point in these models. Therefore,
constitutive laws that do not explicitly couple the strains
and voltage will not be able to replicate the experimental
data, except by fitting with new parameters for every new
operating condition. Laws 3 and 4 are more promising with
regard to replicating experimental findings on the electro-
mechanical coupling as the electrical and mechanical states
are linked through the probability function.

AREA MOTOR MODEL

The underlying assumption of the area motor model is the
existence of a motor protein in the plasma membrane that
flips between two states (extended and contracted configu-
ration). The flipping between two configurations is accom-
panied by some charge transfer ‘¢’ across the protein wall
as well as a change in the resting length of the material. The
charge transfer is believed to be a chloride ion or some anion
moving across the motor protein (Oliver et al., 2001).
Because it cannot travel the entire distance across the cell
wall (or it would leave the cell), this charge is usually set to
be less than one electron charge. If “‘g’’ is greater than one,
then that is equivalent to two or more anions traveling part of
the distance. The probability that a motor will flip state is
governed by a Boltzmann function given by Eq. 6. The
argument of the Boltzmann function is the jump in the Gibbs
free energy considering the material to be completely in one
state or the other (Achenbach et al., 1986). Because we are
studying an experiment where the dependencies on stress
and voltage are controlled, it makes sense to use the Gibbs
free energy (a function of stress and voltage). Note that in
this model, we are assuming that the density of states is
reached instantaneously (i.e., there is no rate dependence in
the switching of states). This simplifies the analysis (because
the evolution of the states need not be computed) and is
justified by the high-frequency response of the OHCs (Frank
et al., 1999).

For the area motor model, where the stiffness is not state
dependent, the jump in Gibbs free energy is

AF = F() - qV - Tzaz - Tca(:7 (8)

where F is a constant that sets the zero point of the free-
energy function (or the energy difference between long and
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short state when voltage and stresses are zero), g is the
charge that transfers during change of state, a, and a. are the
anisotropic area changes from the shortened to the extended
state. More details can be found in (Iwasa, 1993; Iwasa and
Adachi, 1997).

We assume that the probability of states is translated
directly into the density of proteins in each state. Further
assuming that the proteins are uniformly distributed in the
OHC wall the total strains can then be written as

&, = &, + na,P.,
& = & + naPe, ®)

where 7n is the motor density of proteins per unit area. The
transmembrane charge transfer must also be considered. The
total charge transfer across the OHC wall per unit area is

Q=Q' +nqP., (10)

where Q' is the passive charge transfer and ngP, represents
the active charge transfer.
Equations 2 and 3 can now be written as

T, = d,e, + cel :%‘FTm, (11)

T, = cey, +d.e. = 1p, (12)
Q’

V== 13

Clin ( )

A Gibbs free-energy function can be derived for this
model. Let G be the free-energy function such that

oG oG oG
a_TZ = —é&, 8—Tc = —&, arvs _Q (14)

Using Eqs. 8-13 we can integrate expressions given in Eq.
14 to get

1 1 1
G == 8T, = 5T¢ = T Tesre = JCunV* — 1T,
— nT.a. — ngV + nkg0log(P.) + Go, (15)

where s, = d./(d,d. — ¢?), sc = d,/(d,d. — ¢*), 5,0 = —c/
(d,d. — c*), and G is a constant. By construction, this free-
energy function will satisfy conservation of energy and we
have thermodynamic consistency of the formulation. The
resulting relations also satisfy reciprocity because there
exists a potential function of state from which they can be
derived. We assume that the elastic and electric processes
involved are reversible and do not involve any dissipation.
These constitutive laws will be revisited if data are presented
that show significant losses or hysteretic effects.
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Capacitance

The capacitance per unit area is given by,

00 ng’
=—=Cpin+—P(1 — P,). 16
€=y = Cint gPel1 =P (16)

The capacitance of the entire cell is given by Cope = C X
Area. If we include the area change due to deformation, the
total capacitance will be

2
Cone = (Clm + %Pe(l - Pe)>27TRL(1 +e)(1+¢,),
B

a7

where R and L are the original radius and length of the cell
(i.e., when strains are zero).

In Fig. 3 the dependence of capacitance on voltage with
and without the contribution of the area change to
capacitance. The effect of area change is typically second
order and may be neglected. However, we include it in our
calculations as per Eq. 17.

The expression for capacitance shows that the maximum
possible capacitance and nature of change of capacitance
versus the transmembrane voltage is only influenced by the
area change of the OHC and the temperature because other
variables are constant. Their effects, however, are second
order and hence the area motor model cannot account for the
change in the maximum capacitance and change in shape of
the capacitance curve when turgor pressure or temperature is
changed.

55 T T T T

o — No area correction
- - - Area correction

Capacitance (pF)

20 L L 1

-200 -150 -100 -50 0 50 100
Voltage (mV)

FIGURE 3 Capacitance versus voltage for a turgor pressure of 0.5

kPa and resting voltage ~—65 mV. The parameter values are listed in
Appendix B.
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Stiffness

For the area motor model fz =f,P. = —n(a,d, + ca.)P, and

fe =fPe = —n(a.d. + ca,)P.. From Eq. 7 we get
d. ¢ c
Text = chz - (4 - 2> €vol T (fz _€>Pe- (18)

Differentiating Eq. 18 with respect to ¢, we get,

e Ko+ aP(P.— 1)

= 19
Oe, 1+ BP.(P.— 1)’ (19)
where
a = (fe(d. = 5) = fu(c = 5))(a, + 2a.)
2kg6 ’
and
B= (af. + adfe)
kg0
The stiffness is given by
27TR OT o
ohc — — . 20
h L 0 (20)

The stiffness versus voltage variation for the area motor
model (see Fig. 4) is different from what has been observed
in experiments (He and Dallos, 2000). The area motor model
predicts that the axial stiffness at extreme hyperpolarized and
depolarized states will asymptote to the same values whereas
experimental results indicate that OHCs have maximum
axial stiffness when hyperpolarized and minimum axial

7.6

(mN/m)

ohc

K

6

-200 -150 -100 -50 0 50 100
Voltage (mV)

FIGURE 4 Stiffness versus voltage for a turgor pressure of 0.5 kPa and
resting voltage ~—65 mV. The parameter values are listed in Appendix B.
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stiffness when depolarized about the resting state. Experi-
mentally measured variation of stiffness versus voltage is
similar to electromotility of the cell with an asymptotic
maximum stiffness at extreme hyperpolarization and an
asymptotic minimum at extreme depolarization. This sug-
gests that the voltage dependence of stiffness is quite likely
through the motor probability.

Dynamic simulations

Dynamic simulations were performed for conditions similar
to the experiments of He and Dallos (1999) (see Fig. 2). The
boundary conditions for the model were as follows. One end
of the OHC was held fixed whereas the other was attached
to a spring, which simulated contact with a micropipette.
The base of the micropipette was oscillated at a sinusoidal
frequency, fg with amplitude B,y,. The transmembrane
voltage was simultaneously excited at a different frequency,
fv with amplitude Vi, The micropipette (spring) was
preloaded to simulate the preloading in the experiment, by an
amount By,

In Fig. 5, a representative result from the dynamic
simulations is shown for fg = 100 Hz and fy = 10 Hz.
The results do not compare well with experimental results.
The main discrepancy lies in the sum and difference tones
about the primary mechanical excitation frequency. The
responses at 90 Hz and 110 Hz are negligible, whereas in the
experiments the responses at those frequencies were pro-
nounced. A wide range of parameter settings were tried, as
some of the experimental conditions were not exactly
known. None of the conditions yielded significant sum and
difference tones. The reason that these difference tones are
not generated is the small change in the stiffness predicted by

OHC response (nm)

0 50 100 150 200 250 300 350
Frequency (Hz)

FIGURE 5 Frequency spectrum of ¢, versus time. OHC preload was 1 um.
Voltage amplitude was Vi, = 40 mV varied about —70 mV, fy = 10 Hz.
Bymp = 1 um and fg = 100 Hz. Probe stiffness was 4.73 mN/m. Other
parameter values are listed in Appendix B. Note that response at 90 and
110 Hz is almost nonexistent.

Biophysical Journal 86(6) 3519-3528



3524

this model (see Fig. 4). It is the product of the voltage-
sensitive stiffness and the velocity that generates these dis-
tortion products.

MODIFIED AREA MOTOR MODEL

The area motor model does not replicate stiffness changes
with respect to voltage seen experimentally. The stiffness
experiments suggest that the motor is stiffer in the long state
than in the short state. Next, a model where the elastic
coefficients in the two states are different is developed. The
total strain is expressed as a sum of strains due to motors in
the short state, motors in the long state, and the active strain
in the following manner:

& = (ST, + 5. T)(1 — P.) + (s\T, + s T.)P. + na,P.,
(21)

te = (ST, + ST (1 — Po) + (sL.T, + sLTo)Pe + nacPe,
(22)
where (s$, 5., s3) and (s), sl s!) are the compliance
coefficients in the short and long state, respectively. The
values of the compliance coefficients in the short and long
state are computed from the respective values of elastic
coefficients in the short and long state (see Appendix C). The
expression for the total charge remains the same, i.e.,

Q = ClinV + ane~ (23)

The Gibbs energy barrier that governs the probability of
switching state is now more complicated than in Eq. 8 be-
cause of the different elastic coefficients in the two states. The
change in Gibbs free energy when motor jumps from short
to long state is

AF = Ay — T,A¢, — T.Ae. — VAOQ, Q4)

where ¢ is the Helmholtz free energy (there is a jump in the
Helmholtz free energy in this case because of the stiffness
difference between long and short states). All A quantities
represent the change from short to long state. The com-
pliance coefficients for one motor protein can be written as
the value of coefficients for a unit area divided by the num-
ber of proteins in a unit area. We can then write,

1As, > As, 1 As.
Ay =20 By " ep2 g (25)
2 n * n 2 n ¢
A As,
Ae, = a, + 0T, + 20T (26)
n n
As. As,e
Ae. = a, + o1, + 20T @7
n n
AQ =g, (28)
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1 As,
AF = Fy — qV — Tya, — Teae — = —2T"
2 n
Azc 1AL
B ) (29)
n 2 n

As in the earlier model, the probability of being in the
extended state is

P, = 1/<1+exp<kAF0)>. (30)
B

Because there is no dissipation in this model, we must be
able to derive a thermodynamic potential function from
which the strains and charges can be found (e.g.,
0 = —(0G/JV)). Again to ensure thermodynamic consis-
tency, Eqgs. 21, 22, and 23 are integrated with respect to T,
T., and V, respectively, to obtain the Gibbs free-energy
function for the modified area motor model

1 1 1
G=— Es‘ZTZ2 - 5s‘ch —T,T.s). — EChnv2 —nT,a,

— nT.a. — ngV + nkg6log(P.) + Go, (€2))

where Gq is a constant of integration. This ensures the
consistency and reciprocity of this formulation.

The following sections show model predictions for
capacitance, stiffness, electromotility, and dynamic response
of OHC:s. All results are for the same set of parameters (listed
in Appendix B). A resting voltage of —55 mV was selected
to match the resting voltage observed by He and Dallos
(1999) in their stiffness experiments. The maximum and
minimum stiffness values published for a certain hair cell by
He and Dallos (2000) and the values for elastic coefficients
published by Iwasa (2001) were used as a guide in selecting
the elastic coefficients in the short and long state (see
Appendixes B and C).

Capacitance

The expression for capacitance of the cell remains the same
as in Eq. 16. The energy barrier is different in this model and
so the capacitance is different from the area motor model.
However, the capacitance results for the modified area motor
model, shown in Fig. 6, are quite similar to that of the area
motor model (see Fig. 3).

Stiffness and electromotility for modified area
motor model

The axial force on the OHC is a sum of the externally applied
axial force and the axial force contribution from the turgor
pressure. Differentiating this relation with respect to ¢, and
using Eqs. 21, 22, 23, and the incompressibility constraint
&, + 2¢. = &y, the expression for whole-cell axial OHC
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FIGURE 6 Capacitance versus voltage for the modified area motor
model. Vi = —55 mV, turgor pressure = 0.2 kPa. Other parameter values
are listed in Appendix B.

stiffness can be derived (it is quite lengthy and not re-
produced here). The stiffness-voltage relation for the same
set of parameters as in Fig. 6 is shown in Fig. 7. Here the
stiffness is seen to have the same qualitative behavior as in
experiments, either patch clamp (He and Dallos, 1999; see
Fig. 8) or microchamber (He and Dallos, 2000). Unfor-
tunately the effective transmembrane voltage is not known in
microchamber experiments, which precludes any quantita-
tive comparison of the microchamber experiments with
model predictions. The limiting values, slopes, and other
features of the predictions are influenced significantly by the
values we choose for the elastic constants. However, there

Stiffness (mN/m)

2 . . . .
-250 -200 -150 -100 -50 0 50 100
Voltage (mV)

FIGURE 7 Stiffness versus voltage for modified area motor model.
Material parameters are the same as those used for Fig. 6. Results are for free
extension of the cell.
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6k |
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3.5f — ]
3t : £ |
% *
25

2 | | : | , |
-160 -140 -120 -100 -80 -60 -40 -20 0
Voltage (mV)

FIGURE 8 Stiffness prediction of modified area motor model using
parameters from Fig. 7 compared against data from He and Dallos (1999).
The simulation and experimental data use a resting voltage (=—55 mV).
Other parameters are fitted from the data from different experiments (He and
Dallos, 2000).

are wide ranges of these parameters that give characteristic
curves of the shape shown in Fig. 7. This shows that a model
of a motor protein that has a state-dependent anisotropic
stiffness does replicate experimental patterns for the axial
stiffness change.

Fig. 9 shows the free electromotility prediction for the
modified model. The electromotile behavior is similar,
although not identical, to the stiffness behavior versus vol-
tage as is seen in experiments (He and Dallos, 2000). The
electromotility, too, is influenced by the values we choose
for the elastic constants.

0.03 T
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0.01 1
g
g
7 0 J
s
<
<
-0.01 ]

-0.02

-0.03

250 -200 -150 -100 -50 0 50 100

Voltage (mV)

FIGURE 9 Axial strain versus voltage plotted using the same material
parameters as in Fig. 6. These results are for free extension of the cell.
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Dynamic simulations

In Fig. 10, results for the frequency response predicted using
the modified model are shown using the same conditions as
for the area motor model (see Fig. 5). The response predicted
by the modified model at sum and difference tones around fg
is pronounced, closely matching experimental results (Fig. 3
F from He and Dallos, 2000) for the same set of mechanical
and electrical excitation frequencies. A characteristic noticed
in experiments is the absence of harmonics of the probe
frequency (fg). In this mathematical model the stiffness
depends on P,, so the stiffness depends on the strains also.
This means that harmonics of the fundamental will be
generated for mechanical excitation. In Fig. 10 we can see
a peak at 200 Hz, which is the first harmonic of the
mechanical excitation frequency. However, note that the
amplitude is very low, below the noise floor of measure-
ments, estimated to be ~5 nm for this experimental data set.
Further investigations on the model response to pure me-
chanical excitation alone also showed a very low am-
plitude mechanical harmonic. These results agree with the
experimental findings that the OHC stiffness is weakly non-
linear with respect to mechanical strain but more strongly
nonlinear with respect to voltage.

Effect of turgor and temperature

Experiments have shown that the capacitance versus trans-
membrane voltage curve shifts along the voltage axis and
sharpens or flattens with change in maximum capacitance
when turgor pressure is changed (Kakehata and Santos-
Sacchi, 1995), and when temperature is changed (Santos-
Sacchi and Huang, 1998). The predictions of the modified

10° — Theory
@ Experiment

OHC response (nm)
>

0 50 100 150 200
Frequency (Hz)

FIGURE 10 Frequency spectrum of &, versus time as predicted by the
modified area motor model using fyy = 10 Hz, fg = 100 Hz. OHC preload
was 1 um. Voltage amplitude was Vi, = 40 mV varied about —70 mV,
Bump = 1 um. Probe stiffness was 4.73 mN/m. Other parameter values are
the same as those used for Fig. 6. Results are compared with the
experimental results of He and Dallos (2000).
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model are very sensitive to the parameters chosen. The
expression for the energy barrier gives an insight into how
the model behaves under changing turgor pressure. The
linear terms in stress (i.e., T,a, + T.a.) tend to shift the
curves toward more positive voltages when turgor is
increased. The quadratic terms, however, have the opposite
effect. At very low turgor pressures, the linear terms
dominate and the model predicts the correct trend. However,
at higher turgor pressures the quadratic terms dominate and
the curves shift in the opposite direction.

The flattening effect of the capacitance curve at higher
turgor pressures is also seen in the model. This is due to the
changing turgor pressure in the OHC as the voltage is varied
and the quadratic terms in the energy barrier. The presence of
quadratic terms in the barrier expression implies that there is
no perfect ratio of the active area change that will maintain
turgor pressure when voltage is changed. In the earlier model
fixing a, / a. = —2 ensured active deformations that satisfied
the incompressibility constraint (Hallworth, 2003). This
meant that we could change voltage without affecting the
turgor pressure. This is not possible in the new model.

The modified area motor model did not show significant
changes in the maximum capacitance as the turgor pressure
was varied. This could be due to an area effect that is not
modeled correctly due to the cylindrical assumption made
for the OHC shape. At higher pressures, the OHC will tend to
assume a more spherical shape and reduce its overall surface
area that will lead to lower capacitance.

Simulations done for varying temperatures do not show
much change in the capacitance curves. The only temper-
ature-dependent term in the equations is P., which is quite
insensitive to temperature changes. It will be possible to
model both temperature and turgor effects with this model if
we allow g, the charge transferred, to vary with the stress and
temperature. However, as of yet, there is no known or
suspected physical basis for such a variation to occur.

CONCLUSION

By introducing probability dependence of elastic constants,
the predictions from a modified area motor model match
experimental results for stiffness change and capacitance.
The correct stiffness behavior in the model yields sufficient
nonlinearity to match the harmonic content of the dynamic
simulations. It should be noted however that very little data
are available with which to compare stiffness predictions.
The chief sources of variable OHC stiffness data are He and
Dallos (1999, 2000). The effective stimulus voltage is un-
known in He and Dallos (2000), whereas the patch-clamp
experiments done in He and Dallos (1999) provide data from
a small number of OHCs and over a limited range of voltage.
More experimental results are needed to determine the new
elastic coefficients introduced in the modified model. For the
purpose of this study the elastic coefficients were varied
uniformly about published values. The theoretical results of
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this article point toward the importance of obtaining coupled
capacitance, electromotility, and stiffness experimental data
for the same outer hair cell to provide information for the
constitutive models.

Without changing values of the charge transferred across
the membrane, the modified model cannot explain the effect
of turgor pressure on capacitance versus transmembrane
voltage curves. The model hints toward a possible de-
pendence of charge ¢ on the turgor pressure, which would
enable correct model behavior when turgor pressure is
changed. It should be noted that change in shape of
capacitance versus voltage curves for changing turgor pres-
sure has not been observed in prestin transfected cells
(Ludwig et al., 2001; Santos-Sacchi et al., 2001a) or even in
OHC membrane patches (Gale and Ashmore, 1997). So it is
possible that the structure of the OHC wall or some other
effect plays a role in modifying the motor protein behavior
when turgor pressure is changed. This needs to be inves-
tigated further to improve models for OHC behavior.

An interesting artifact of OHC behavior that we have
not simulated in this article is the isolated OHC response
to acoustic stimuli. OHCs subjected to stimulus on their lat-
eral walls using fluid jets exhibit length changes in the
longitudinal direction (Brundin et al., 1989; Brundin and
Russell, 1994). Because there is no external regulation of the
transmembrane voltage, this can be construed as evidence of
motility arising through change in stress or strain in the
plasma membrane. A recent study (Rybalchenko and Santos-
Sacchi, 2003) reports existence of stretch-sensitive conduc-
tion channels within the lateral membrane. The new study
sheds light into the role of anions in triggering conformal
changes in the motor protein prestin. It brings into question
the exact manner in which the anions bring about this
conformal change. The current opinion on prestin electro-
motility is that it is effected through some voltage sen-
sor (Oliver et al., 2001). There are doubts about whether
a voltage-sensing scheme would work in vivo at high
frequencies because of the low-pass membrane filter of the
OHC. Rybalchenko and Santos-Sacchi (2003) propose an
alternate mechanism that involves anion currents rather than
the voltage influencing prestin state transitions. The experi-
ments considered in this article include both, studies that
used ion channel blockers (nonlinear capacitance studies)
and those that did not use any ion channel blockers (stiffness
experiments). Because motility and nonlinear capacitance
has been seen irrespective of whether transmembrane anion
currents were blocked or not, further experiments are needed
to ascertain the role of anions in eliciting prestin state
transitions. A better understanding of the process by which
these motor transitions are affected will help improve the
model and enable modeling of other experimental effects of
OHC:s like their response to jet stimuli. Adapting the model
to a current-gating or other triggering mechanism will be
straightforward as the model’s essential working (state-
dependent stiffness and motility) would remain the same.
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The models presented in this article represent progress
toward developing a comprehensive OHC model that
correctly predicts the cell’s behavior to electromechanical
stimulation. We have started our models with stress-strain
(Egs. 21 and 22) and voltage-charge (Eq. 22) relations and
then derived the free-energy function that is consistent with
those relations. The resulting free-energy functions are more
complicated and not as physically based as we would like. It
may be that an approach that starts with a model based on
a free-energy function and then derives the associated field
dependencies from the free-energy function may yield more
complete results.

APPENDIX A: SOLUTION APPROACH

To find initial equilibrium condition for the OHC models the following
method is used. First Egs. 2 and 3 are solved for a given (resting) turgor
pressure and voltage to evaluate the volume constraint &,,;. Once this initial
condition is set, perturbations occur around this operating point such that the
cell volume remains constant.

TRL(1 + &) (1 +&,) = &1 (A-1)
Expanding this equation and ignoring second-order terms yields
26, t & = &y- (A-2)

When the resting voltage is changed, the OHC undergoes deformation in an
incompressible fashion from the initially computed equilibrium position.
This causes change in the turgor pressure. To evaluate axial strain we use Eq.
18. Because P, depends on the axial strain a Newton-Raphson iteration is
used to solve the implicit equation. The iteration is started with a trial value
for ¢, from which initial guess for P, is computed. Thus, ¢, is computed for
different voltages. ¢ is obtained using the incompressibility condition (Eq.
A-2). Stiffness and capacitance are obtained from their respective analytical
expressions.

APPENDIX B: PARAMETERS

The elastic coefficients used for the modified model are d; = 0.0143 Nm™!,
ds=0.0211Nm™', ¢* = 0.0143 Nm™, d, =0.0464Nm™', d\ = 0.0685
Nm™!, ¢! = 0.0464 Nm™". Other parameter values are given in Table 1. Cj;,
was obtained from Santos-Sacchi and Navarrete (2002). Iwasa (2001) was
used as a guide for choosing the rest of the parameters. Other stan-
dard constants used are Boltzmann constant kg = 1.38 X 107> JK~! and
temperature (for simulations with constant temperature) 6 = 300 K. F, was
adjusted as needed to have peak capacitance voltage around the desired
voltage.

TABLE 1 Parameter values

Parameter Value Unit
L 70 pum
R 5 um
q —1.602 X 107" c
d. 0.068 Nm™!
d, 0.046 Nm™!
¢ 0.046 Nm™!
n 9000 (um) 2
ac —0.75 (nm)?
a, 4.5 (nm)2
Cin 21.9 pF

Biophysical Journal 86(6) 3519-3528



3528

APPENDIX C: COMPLIANCE COEFFICIENTS

The compliance coefficients are obtained by inverting the elastic coefficients
matrix.

-1
S, Sue d, c 1 d. —c
— i = PGS
Sz Se c c dzdc —c | —C z
The short and long coefficients are obtained by substituting the correspond-
ing long and short elastic coefficients.
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